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o Conservation Laws

-~ * \Why conservation laws?

* A system of governing equations includes the conservation
of mass (air and water vapor, separately), momentum and
energy.

* The governing equations of a mathematical model describe
how the values of the unknown variables (i.e., the
dependent variables) change when one or more of the
known (i.e., independent) variables change.
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/ Conservation Laws
e
-+ Governing equations are based on physical principles
derived from the conservation of
* Mass = (Mass) Continuity Equ. = p
* Momentum =» Equ. of Motion (or Momentum Equ.) = v=(u,v,w)

* Energy (1st Law of Thermodynamics) = Thermodynamic Equ. (or
Temperature Equ.) = T or 6

« Water Mass =» Water Vapor Budget (Moisture) Equ. = q,,**, qp,
* Ideal Gas Law =>» Equ. of State (General Gas Equ.) = p
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L Conservation of Mass

-+ \Xe exclude water vapor, for the moment. € Phase change
* Mass is neither created nor destroyed.

* The density comes in here instead of mass (mass per
volume):
* If the density at a location increases, then the density has to be
transferred from some other place to this location.
* Thus, the total change of density in a moving air parcel is proportional
to the divergence of the air stream in the volume.
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- ¢ Lagrangian view:

Conservation of Mass

oV

R

DM_O_D@W
Dt~ Dt
fff V-QadV = ff deS:ff Q-ds
v s s
D DV D € Divergence theorem
Dp p p
—+pV:-v=0
Dc VD |De PV T
T Practice: Using the divergence theorem, show that
1DV _
Continuity Equation voe VY
(velocity divergence form) e
~—r 24
U Conservation of Mass
- ¢ Lagrangian view
 Considers the mass 6M moving together
with the air flux at the internal of a material
surface 6S
Dt Dt
Practice: From (1), derive the continuity equation.
Dp pDV |Dp
+7 S TPV-v=0 pp [ Dov D D
Dt VDt |Dt i —0=sv=L . i V) =
T 5VDt+th —O—6VDt+8Vp(|7 v)ﬁDt+p(|7 v)=0
Continuity Equation _J
N )
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Conservation of Mass

\//
- ¢ Lagrangian view:

DM 0= D(pV)
bt bt DoM _  _D(pdV) _ o .Dp DSV
ot~ bt "bt bt
Dp pDV |Dp
— V.-v=0
Dc "vDe e PV
Continuity Equation
5va DOV =2l L svpw b2\ o :o/
hr thV \—/ E*’ p( 'V)$@+p( V) =
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/ Conservation of Mass
\_/
— ¢ Lagrangian view: Summary

 Consider a mass 6M, of volume 6V = §x6yéz, moving
(with §M constant) with the flow

* All particles in 6V enclosed by S never abandon 8§V
remaining forever in §S by definition

* Thus, as 6M = péV is conserved during the motion
(despite both p and 6V can individually vary): N

s?

_1Dp, 1 D(sV)

L DeM)_ 1
p Dt oV Dt

oM Dt
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Dp
poV Dt poV Dt

Dt
1 D(&)

_1Dp 1 D) 1 D),

& Dt

[l

pDt & Dt & Dt

* Being éu = D(6x)/Dt and so on, and taking the limit ‘ . )

for 6V=>0: s

ou @ 8w+1Dp Ve

oy 6z p Dt

ox

Dp_,
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L Conservation of Mass

— ¢ Eulerian view:

 Considers the entering and leaving of mass fluxes through the surfaces
of a cube hose wall are permeable to the air passage

Mass flux N Mass flux
on left face Oz onright face
ﬁa ___________________ - ;
pudyéz | Sy [pu+ - (pu)dloyez
ox ox

: . . N 0
Net increase of mass per unit volume in x-direction: —a— (ou)
X

Net increase of mass per unit volume in y-direction: _i (pv)
oy

2 -
Net increase of mass per unit volume in zdirection: ——
inz e (ow) i
\/ - —
/ Conservation of Mass
\/
O ~—
— + Eulerian view:
Thus, the net increase of mass per unitvolume
0 0 0
= — — _ —_— = —V [ )
[ . (pu)+ & (pv)+ P (pW)] (pv)
= rate of change of density = %”
t
op Continui
ot Equation
di f
(mass divergence form) _J
N 9y
~— 29
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/ Conservation of Mass

\_/
- * Eulerian view: Summary

* Mass flux: j = pv

* Mass balance of a fluid volume dV with mass dM=rdV:

%jpdV=—§j-ds=—§pv-ds
Vv N N

* Exchanging time derivative and integral on the left side and applying
the divergence theorem to the right side yields:

0 0
* From which: J‘*a'[; dav =—IV°(pV)dV = J‘{a";vLV-(pv)}dV =0
V 14 14

op
Liv =0
Ve (ov)
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L Conservation of Mass

~ ¢ (Mass) Continuity Equation:
Dp

lDt

a_p+v.(pv):g_f+von+pVOV=0

ot

:>£+pVov:O
Dt

:l&JrVOV:O

p Dt

:Dﬂt(lnp)+V0V:Ov @ )
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Conservation of Mass

* (Mass) Continuity Equation:

* Horizontal pressure and density gradients are usually very small (but
not in the vertical, see hydrostatic equation)

* In case of an incompressible fluid, we have dp/dt = 0 and Vp = 0; thus,
from the continuity equation: V -v =10

* Thatis, the velocity field is divergence-free.

* In this case, a horizontal divergence or convergence (Vy = du/dx +

dv/0dy) is usually coincident with vertical air movement (dw/0dz).
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Divergence vs. Advection

* Divergence: Vevy

VOV:(ii+ij+if(j0(ui+vj+wl})

ox 0oy oz
:@_F@_Fa_w = V.(pv):a(p”)+a(pV)+8(pw)
ox 8y 0z ox 6y Oz

* Advection: veV
VOV:(ui+vj+wﬁ)o i1+it|+ik
ox O

"~ 0z
0 0 0
=lU—+V—+w— = von:ua_p+va_p+Wa_p
ox Oy oz ox oy oz
R -
~—

-/
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L JConservation of Momentum

_* Newton’s Laws of Motion

¢ The momentum of a body remains constant unless the body is acted
upon by a net force = Conservation of Momentum

* The rate of change of momentum of a body is proportional to the net
force acting on the body and is in the same direction of the net force
2> F = ma

* For every net force acting on a body, there is a corresponding force of
the same magnitude exerted by the body in the opposite direction.
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L JConservation of Momentum

* Newton’s Laws of Motion

~—

F
F=ma——=a
m
\)Q a =Fnet=ZlFl=
net m m
N )

35




2020-10-13

U Conservation of Momentum
O —
o Newton’s Laws of Motion F
F=ma——=a
m
l:"net Zi Fi
Apet = = = apgr t acr +agr t+a
net m m PGF CF GF FR
# @ —lV =—aVp
PGF 4 P
/ a _ Dv
net — E
I;'R" 1 1 Net Acceleration
///CF ' © Seon Ki Park
20XV
-/
GF
g N &/
~— 36
U Conservation of Momentum
O —
o Newton’s Laws of Motion
F
F=ma—=—=a
m
# @ —lV = —aVp
PGF 4 P
A e
net —
D
FR 1 Net Acceler;tion
‘t"/ /
y”’/CF‘ l © Seon Ki Park
—2Q Xv
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& _/
N &/
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/ Conservation of Momentum

_* Newton'’s Laws of Motion > Equ. of Motion (Momentum Equ.)

Dv
—= -20Qxv —-Qx(Qxr) + F/m
Dt il ; v S lerationb
Coriolis acceleration centrifugal acceleration ":%cs%ﬁjrt?a"cf)grc)és
ot - | Rotating
“fixed” | - | frame
(a=1/p) star
F .
- = - avp + g + E (Malardel, 2010; ECMWF Lecture)
-~ .
- : leration by
acceleration by acceleration by acee
press. grad.force  gravitational force frictional force /)
AN 9
~— 38
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* Newton’s Laws of Motion = Equ. of Motion (Momentum Equ.)
(@=1/p) Q |
(Broccoli, 2011)
E = —aV + * + T v centrifugal
p g_‘ | “ A force
acceleration b acceleration by acceleration by 5=
press_grad. for};e gravitational force frictional force 2R
Dv " g /.
—=—aVp -2Qxv —Qx(QAxr)+g +1 /&
Dt - grhvitational ‘gravity
—gk: gravity accel. force force
The earth has adjusted
DV E ti £ Moti to this balance of
% uation o otion or forces by taking the
= V _2QXV_ k+T q : shape of a spheroid with
Dt P & &= Momentum Equation e nonial blge. -
\/ ~— (Malardel, 201?)/; ECMWEF Lecture) 39
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, Conservation of Energy
\/
_+ 1stLaw of Thermodynamics
+ Energy is neither created nor destroyed. = Conservation of Energy

* Change in internal energy (U) is due to a combination of heat (Q)
added to the system and work done by the system (W).

AU = AQ — AW

e
N J
~— 40
J, Conservation of Energy
3 —
\/. 1st Law of Thermodynamlcs rate of work done by gas on its
surroundings by compression/expansion
au . .
a9
rate of heat exchange with the surroundings
For a perfectgas, [/ = ¢ T ( C, = specific heat at constant volume),
W= p% (a = l/p)
dT da
“a T a TN
I diabatic heating rate
conversion between - o
rate of change of IE thermal and mechanical E - - 41
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U Conservat

_+ Thermodynamic Equation:

L,
var P
T dp :
”dt dt =0

ion of Energy

Q = 0 for adiabatic process
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Conservation of Energy

\_//
 Thermodynamic Equation:
- e Y dT adp Q
Pdr dt
small  small
——Q+a(6p+vHon+w@J Q+a(%’+v//ij —gw
“ &z
T ( T T
d—:2—§ :a—+vH0VT+wa—
dt ¢, c, oz s r:%

o c

p p

p

a_gQ —(ﬁ +%ZJW—VH v7=L (I, “Dhw—v, oVT
C

N -

(Broceoli, 2011)
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L Conservation of Energy

_* Thermodynamic Equation: Tod

¢, ——a—-=0
dt dt

%ngf_p, {0, =T —v, eVT

A B C

* A:Diabatic Heating
1. Sensible heating
2. Latent heating (phase change, i.e., evaporation, condensation)
3. Radiative heating

* B: Adiabatic Effects
1. ([4—T) is a measure of stability.
2. Upward motion in a stable atmosphere is a cooling process.

* C:Horizontal AdvectionTerm
1. Often this is the largest term =~ \/

~— (Broccoli, 2011) 44

13



