A brief history of superfluids
and the Gross-Pitaevskii mode
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Good books on the topic!

C.F. Barenghi & N.G. Parker, A Primer on A Primer on

Quantum Fluids

Quantum Fluids, Springer, 2016.
free online, arxiv1605.09580

L.P. Pitaevskii & S. Stringari, Bose-Einstein
condensation, Oxford University Press, 2003.

Quantized Vortices

R.J. Donnelly, Quantized Vortices in Helium in Helium I
Il, Cambridge University Press, 1991.
g
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Liquefaction of helium

« At atmospheric pressure helium exists in a liquid form only at the
temperature below 4K.

e Two isotope of helium is present: helium-4 (common) or helium-3
(rare).

e Helium was first liquefied in 1908 by H.K. Onnes at the
University of Leiden.

» Because of the very weak interatomic forces, He remains a liquid
at atmospheric pressure all the way down to absolute zero. Heike Kamerlingh

Onnes

helium-4, T>2.7K at 1atm helium-4, T<2.7K at 1atm
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The lambda point

» At temperatures below their liquefaction points, both
helium-4 and helium-3 undergo a transition to superfluid.

» The lambda point is the temperature at which normal fluid
helium makes the transition to superfluid helium (He-Il). At

1 atmosphere the temperature is approximately 2.17K for
helium-4.
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Phase diagram: water vs. helium-4
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» First-order phase transitions: involve latent heat between the transition. During the transition
the system releases or absorbs a fixed amount of energy per volume, and the temperature
stays constant. The most common example is solid-liquid water transition. This is a
consequence of the discontinuity of the free energy when varying the temperature.

» Second-order phase transitions: they are also called continuous phase transitions and they
are characterised by the discontinuity of the first derivative of the free energy. Examples are
ferromagnetic transition, superconducting transition, and superfluid transition.
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Why He-ll is a superfluid?

* ability to climb a tube to
reach a lower level.

e flow in a pipe without
experiencing a pressure

drop: zero viscosity.

* two containers connected
by a very thin pipe (where
viscous fluid cannot flow)
are still thermo-
mechanically connected
via the superfluid
component.
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How to explain these properties?

Use the concept of Bose-Einstein
condensation: at sufficiently low
temperatures a system of bosons
undergoes a phase transition where a
macroscopic fraction of its constituents
“‘condense” into a single wave-function

Satyendra
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Realisation of Bose-Einstein condensates

Eric A. Cornell Wolfgang Ketterle Carl E. Wieman

* Observation of Bose-Einstein Condensation in a Dilute
Atomic Vapor, M. H. Anderson, J. R. Ensher, M. R.
Matthews, C. E. Wieman, E. A. Cornell Science, 269,
5221, 1980-201 (1995).

PHYSICAL REVIEW

LETTERS » Bose-Einstein Condensation in a Gas
of Sodium Atoms, K.B. Davis, M.O.
VOLUME 75 27 NOVEMBER 1995 NUMBER 22 MeWeS’ MR AndreWS, NJ Vaﬂ
Bose-Einstein Condensation in a Gas of Sodium Atoms DrUten, DS DUI’fee, DM KUI’ﬂ, and VV

K. B. Davis, M.-O. Mewes, M. R. Andrews, N. J. van Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle Ke‘tterle’ Phys Revl Let‘t 75, 3969

Department of Physics and Research Laboratory of Electronics, Massachusetts Institute of Technology,

Cambridge, Massachusetts 02139
(Received 17 October 1995) 1 995 .
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Striking properties of BECs

0 0.5 1
Absorption
Momentum distribution of the rubidium Interference between two
atoms at different temperatures expanding sodium BECs
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The Gross-Pitaevskii model

H= /uﬁ(xl) [—2 + Vext(xl)] W(x1)dx;

V(Xz-X4)

1
+5 /WT(Xl)WT(Xz)V(Xl — x2) W (x2) W (x1)dx12 classical analogue
H = Zi |:5_Im + Vext(Xi)} +
4+ ... %Zi,j V(Xi_Xj)

> U(x) ~ 9)(x), the system is very cold and highly occupied

> V(x1 —x2) = 47Thzé’é(x — X2), only point-like binary collisions

The evolution of the condensate wave function is
then given by computing the Heisenberg evolution

ihdy U = [V, H] leads to Gross-Pitaevskii equation (GPE)

h2V? 4rh?a
—|_ Vext ( )

o 1) = (- U DR ) vl o

2m
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The dimensionless formulation of GP

h? 4h? as
n2 g2y gy = vy, with g = T2
Ot 2m m
Setting V=0, ¥ — /poo ¢, t— g,f t, x —>&x

iO) + ( s €_2> Vi — |9y =0 = = d
t 2mg poo \/ngpoo

Thus for an infinite BEC there exist a length scale
inversely proportional to the square root of the density poo
that is called healing length ¢

iOp) + V21 — |2 =0
The resulting GP is nothing but the celebrated

nonlinear Schroedinger equation in three dimensions
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Conserved quantities, V=0 for simplicity

Under appropriate boundary conditions (infinite volume
or periodic box) the GP model conserves:

the mass M:/ [|2dV
Vv

the energy FE = / <|V¢\2 + %\Wl) dV

v

linear momentum P = —27;/ (Y*Vy — V™) dV
V

and angular momentum My = —2i/ x' x (P*Vi — pVp*) dV
V
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GP as a model for superfluids

i0¢p 4+ V2 — [ = 0

In order to prove that the GP above actually describes
a superfluid we can introduce the Madelung’s

transformation
P(x, t) = \/p(x, t) e0xt)

and notice that after defining a velocity field as v =2V
and splitting the into real and imaginary part, the GP
equation results in

% 4+ V- (pv) =0
P(aVJ%— kavj): aXJ-I-%Zk

p = p2 IS a pressure term, ij =p % is the quatum stress tensor
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GP as a model for superfluids

In other words the GP equation can be mapped into an
equation for the density field p and velocity field
v = 2V0 that satisfy

{ 9% 1V (pv)=0

(9\/1 8VJ L 8p | 8ij
p ( _l_ k 8Xk) o 8XJ | an
that describes an inviscid, irrotational, barotropic
fluid
“He Alkali BECs
E~ A LJE~10°—10°  &(m, a5 poo), L/E~1— 107
Only qualitative model for Very good model
liquid helium, too rarefied model! when T ~ 0
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BECs In potential traps

BECs are trapped in harmonic potentials, and by increasing the
potential frequencies, one can reduce their dimensions:

2-d, “pancake” condensate 1-d, “cigar” condensate

Recently an almost perfect box container with a step potential in
each direction was created

PRL 110, 200406 (2013) PHYSICAL REVIEW LETTERS ek endine - (d) 150

5% a

Bose-Einstein Condensation of Atoms in a Uniform Potential ©

0

Alexander L. Gaunt, Tobias F. Schmidutz, Igor Gotlibovych, Robert P. Smith, and Zoran Hadzibabic 7~
Cavendish Laboratory, University of Cambridge, J. J. Thomson Avenue, Cambridge CB3 OHE, United Kingdom =N ,’-"‘""ﬁ,
(Received 14 March 2013; published 16 May 2013) r *
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Weakly nonlinear waves and coherent
structures in the Gross-Pitaevskii model
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de Broglie limit, 4-wave interactions

et us work with the standard GP form in an unbounded domain
i0p) + BV + af*h = 0

In the limit of small nonlinearity (vanishing density or scales much
smaller than the healing length), a weak wave turbulence closure can
be applied, leading to the 4-wave kinetic equation

1 1 1 1
8tn1 = (47‘(‘&)2 /n1n2n3n4 ( —+ — — ) 5(1{%21) 5(0)%1) dk234

ni n2 n3 [z

where wy = B|k/|? . _ _
* Only resonant interactions contribute

{k1—|—k2:k3—|—k4

W1 + W2 = W3 + w4

* lIrreversibility in the dynamics

S(t) = /lognk dk, S(t) >0
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de Broglie limit, Rayleigh-Jean
It is a quick exercise to show that the equilibrium distribution results in

T
k) =
) = T R ()

That is nothing but the Rayleigh-dean equilibrium. By introducing a
small-scale cut-off to heal the ultraviolet catastrophe one finds that in
3D, the extensive quantities per unit of volume are related to the
intensive ones as [Connaughton et al., PRL 95, 2005]

(3D) ke 2
N = / / I k2dQdk = Aml ke 1— ,u2 arctan Pk:
0 Q Bkc M

|4 p + Bk? o

EBD) e T ArTk? 3u 3ud/? B2
i k2 k2dQdk = €11 - t -
R R I R A T

In 3D a spontaneous condensation arises below a
non-zero temperature (or above a non-zero density)
when the energy per mode is below E/NGP) = gi2/3.
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Numerical studies of spontaneous condensation in 3D

PHYSICAL REVIEW A 66, 013603 (2002)

. oy . . . week endin;
Scenario of strongly nonequilibrated Bose-Einstein condensation PRL 95, 263901 (2005) PHYSICAL REVIEW LETTERS 31 DECEMBER 2005

Natalia G. Berloff'* and Boris V. Svistunov>" Condensation of Classical Nonlinear Waves

Colm Connaughton,1 Christophe Josserand,z Antonio Picozzi,3 Yves Pomeau,' and Sergio Rica™!
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FIG. 1 (color online). Numerical simulations of the NLS
Eq. (1) showing the temporal evolution of condensed particles

FIG. 4. Evolution of topological defects in the phase of the ny/N in 3D: independently of the number of computational
long-wavelength part i of the field ¢ in the computational box modes, ny/N tends to converge for long interaction times
1283, The defects are visualized by isosurfaces |#|>=0.05(|#|). (H)/V =2,N/V =1/2, and k, = 7/dx where dx = 1 refers
High-frequency spatial waves are suppressed by the factor max{l to the spatial discretization of the NLS equation).

—kz/kf,O}, where the cutoff wave number is chosen according to the
phenomenological formula k.=9—¢/1000.

To fully describe the phase transition one cannot use WT and should
refer to the standard works in statistical mechanics on the q54 model!
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The weakly-nonlinear Bogoliubov limit

We have seen that one can consider infinitesimal Bogoliubov
fluctuations on top of a uniform condensate solution

V(x,t) = [\/Poo + €d(x,t)] e | with € < /poo

Because these are small, a WT closure can be applied to the
distribution of the fluctuations, resulting in the 3-wave kinetic equation

[Proment et al., PRA 90, 2014]

\"H\ 4 ‘/UN%Fﬁ”—H SoloTioe
On1 = / (Ra — Rio — Ri ) dkas fa t

. . o S e 8

\ FLOCTURTION S

Llk)
>

] 7~

where R%’g = \‘/'213|2 (ngng —ning — nins) 5(k%,3)5(w§’3)

3o ®) = £ /BIK I\ /B~ 2afp,, and p=—ap,,

(Bogoliubov dispersion relation)
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Wave turbulence in BECs?

LETTER

a 10°F;

doi:10.1038/nature20114

Emergence of a turbulent cascade in a quantum gas 107

Nir Navon!, Alexander L. Gaunt', Robert P. Smith! & Zoran Hadzibabic!

108

Synthetic dissipation and cascade fluxes in a
turbulent quantum gas

Nir Navon'*, Christoph Eigen?, Jinyi Zhang?, Raphael Lopes?t, Alexander L. Gaunt??,
Kazuya Fujimoto**+, Makoto Tsubota®, Robert P. Smith%®, Zoran Hadzibabic?
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Grey solitons in the 1D GP model

Usually the bosons in the superfluid state self-interact via a repulsive
potential. This results in a <0, B> 0 in GP. In 1D the model is nothing
but the nonlinear defocusing Schroedinger equation

1040 4+ B0zt + alp]?1h = 0

It one seeks for travelling 15— ' r r r
wave solutions depending on '
the unigue dependent
variable ( = x — ct, given c
the wave velocity, one obtain
the celebrated grey soliton
solution over the uniform —
density at infinity x

[here a =—1, B=1 and py = 1]

w(x, t=0)[?

V2

+ ic} exp(—it)
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—xperimental evidence of grey solitons

VOLUME 83, NUMBER 25 PHYSICAL REVIEW LETTERS 20 DECEMBER 1999

Dark Solitons in Bose-Einstein Condensates

S. Burger, K. Bongs, S. Dettmer, W. Ertmer, and K. Sengstock

Institut fiir Quantenoptik, Universitdit Hannover, 30167 Hannover, Germany

A. Sanpera,! G.V. Shlyapnikov,">? and M. Lewenstein!
nstitut fiir Theoretische Physik, Universitit Hannover, 30167 Hannover, Germany
2FOM Institute for Atomic and Molecular Physics, Kruislaan 407, 1098 SJ Amsterdam, The Netherlands
3Russian Research Center Kurchatov Institute, Kurchatov Square, 123182 Moscow, Russia
(Received 27 October 1999)
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Instability and decay of a grey soliton

Let us come back to the defocusing (repulsive boson interaction) GP
model, the only case that do not exhibit collapses in more than 1D.
The evolution of a grey soliton (in the x-direction) subjected to a
transverse perturbation (in the y-direction) results as follows

The soliton is unstable
and decay producing
other structures that
carry the linear
momentum of the initial
solution. Due to the

v - dynamics of the decay,

this mechanisms is
called "snake
[Top: the density (yellow is high density and dark blue is low

: ! 3
density of the two dimensional filed. Bottom: one-dimensionall 1N Stab | | |ty i
evolution of the grey soliton profile for comparison]
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Quantised vortices in the GP model

Even if the velocity field of the superfluid v =26V¢ obtained by
applying the Madelung transformation v = \/pexp (i¢) is formally
irrotational, vortices may appear in the system as topological defects of
the phase field.

L et us assume that the
phase field changes as

Ap=n2w, necl

1
0.8
0.6
0.4
0.2
0_4 _3 _2 -1 0
X 12 37

T T T T 1

4
729
0
51 y
4-3

Then, the order parameter still remains single-valued but the velocity
circulation results quantised as

F:%V-dIZQB%VQb'dl:nélﬂ'ﬁ:n/ﬁ}
C C

The physical value « = 4x8 Is usually called the
Feynman—Onsager quantum of circulation.
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What does happen if we
rotate the liquid helium
container and then lower

Quantum vortices in helium-4
the temperature below the

1 mm
superfluid transition (@ I (b)I © I (A I
temperature”? ‘ ‘ ‘ ‘

[Yarmchuk et al, PRL 43, 1979]

%
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Quantum vortices in BECs

120 —

A similar effect can be .

obtained § o0~

in a BEC by stirring it witha 5 - ; :

moving laser acting like a R ;

“SpOOI’]”. — mmi—' ? T
0—- 8 i . () om0 p

[Abo-Shaee et al, Science 292, 2001] 210 4[0 610 8lo f 1clmo

Stirring Frequency (Hz)
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Quantised vortices in 3D GP model

In 3D quantised vortices form closed loops or lines that
must end at the boundaries.

* vortices self-induce their motion

e vortices can reconnect

* the filaments carry helicoidal
excitations called Kelvin waves

* they interact with density excitations
(sound)

All these features are
the core of quantum
turbulence.
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Quantum vortex reconnections
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[Koplik & Levine, PRL 71, 1993]

[Serafini et al., PRL 115, 2015]
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Kelvin waves on vortex lines

Given the vortex position

at x = const. ., the By analogy, see an
complex Kelvin wave experiment showing Kelvin
variable w atatime t waves and vortices in water
results in [Tsoy et al, JoP CS 980, 2018]

W, 1) = o (2, 1) + 20 (3, 1) = / Bk t) exp (ika) dk
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—xample of a quantised vortex knot

PHYSICAL REVIEW E 85, 036306 (2012)

Vortex knots in a Bose-Einstein condensate

Davide Proment,">" Miguel Onorato,"> and Carlo F. Barenghi?®

Torus knot T,
R,/R,=1/5
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Moving obstacles in a supertluid

PHYSICAL REVIEW LETTERS 123, 154502 (2019)

Starting Flow Past an Airfoil and its Acquired Lift in a Superfluid

Seth Musser@,l’* Davide Proment,2 Miguel Onorato,3 and William T. M. Irvine*
'Department of Physics, University of Chicago, Chicago, lllinois 60637, USA
*School of Mathematics, University of East Anglia, Norwich Research Park, NR47TJ Norwich, United Kingdom
3Dipartimento di Fisica, Universita degli Studi di Torino and INFN, Via Pietro Giuria 1, 10125 Torino, Italy
*James Franck Institute and Enrico Fermi Institute, Department of Physics, University of Chicago, Chicago, Illinois 60637, USA
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Other projects with the GP model

OPEN ACCESS

10OP Publishing Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor. 52 (2019) 305501 (11pp) https://doi.org/10.1088/1751-8121/ab2607

superfluid with immiscible active impurities

Umberto Giuriato!*®, Giorgio Krstulovic!
and Davide Proment?

'
Clustering and phase transitions in a 2D ’
®

1 Université Cote d’ Azur, Observatoire de la Cote d’ Azur, CNRS, Laboratoire
Lagrange, Nice, France

2 School of Mathematics, University of East Anglia, Norwich Research Park,
Norwich, NR4 7TJ, United Kingdom

]

Q
>
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PHYSICAL REVIEW LETTERS 125, 164501 (2020)

Irreversible Dynamics of Vortex Reconnections in Quantum Fluids

Alberto Villois
Department of Physics, University of Bath, Bath BA2 7AY, United Kingdom
and School of Mathematics, University of East Anglia, Norwich Research Park, Norwich NR4 7TJ, United Kingdom

Davide Proment
School of Mathematics, University of East Anglia, Norwich Research Park, Norwich NR4 7TJ, United Kingdom

Giorgio Krstulovic
Université Cote d’Azur, Observatoire de la Cote d’Azur, CNRS, Laboratoire Lagrange,
Bd de I’Observatoire, CS 34229, 06304 Nice cedex 4, France
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