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Lecture 12: Conservation
Laws in the Atmosphere (11])

Prof. Seon K. Park (Ewha Womans Univ.)
Prof. Claudio Cassardo (Univ. of Torino)
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_* Thermodynamic Equation: ¢ -«

Conservation of Energy

dp:Q

¢,dI adp dnT R, dp_c dlnT_R dlnp

25 . LI
T Tdt Tdt " dt pdt " dt dt

Introducing potential temperature and differentiating it:

R/ .

pop(p)/ " _d0 _dT 6 R, 0dp _  din0_ dlnT_Rddlnngzé
P dt dtT c,pdt Poodt Poodt dt T dt

As Q/T represents the variation of entropy s, the thermal energy equation

analyzed the variation of entropy along the motion.

When s is constant, also the potential temperature conserves.
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Conservation of Energy

d,

- - dT :
* Thermodynamic Equation: ¢, -a =0

delnechdlnT_Rddlnngzﬁ
dt dt dt T dt

For adiabatic reversible processes in dry air, the variations of potential
temperature are proportional to entropy variations.

If a particle conserves entropy along its trajectory, it conserves also potential
temperature.

0(x,y,z,t) = 60y(2) +6'(x,y,2,1t)

(A0 0 b 1d0_0 1[0, )., 200_ 0
dt r dt @dt c,T 6\ ot 0z c,T
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_* Thermodynamic Equation: ¢, T o

Conservation of Energy

dp

P dt dt:Q .
The diabatic heating rate of the atmosphere dQ/dt is mainly produced by net
radiation, and occasionally (in the clouds) by latent heat flux.
In the troposphere net radiation warming can produce a diabatic trend in
temperature equal to 1°C/day.

Horizontal temperature fluctuations at synoptic scale are of the order of 4°C.

Thus, the two processes able to induce variations (both of 4°C/day) in the air
potential temperature are

Horizontal thermal advection

Vertical thermal convection

[Q] :1(89 +;-ﬁ'];9Uz+4°Cday"
hor.adv.

c, 6, \ ot L
. Yo~ = 4°C/km (stable stratification)
L0 T8\ _ Ve secday
I O —
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/ Conservation of Energy
7 @
- . . T d
_+ Thermodynamic Equation: ¢, -a"/=0
* Thus thermal energy equation, in absence of diabatic heating, can be
simplified to:
' 06
%+VOVH0’+W—° =0
ot 0z
» This equation links the horizontal advection (>0) with the vertical convection
(<0) and explains how these two processes nearly compensate
(). %)=
dt h.a. 52 v.c.
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~ Conservation of Energy

« An alternative way to express the same law

Power A{,{)(E+;—VovjdV}=§—t[5Q—5W]

conservation D¢
]

internal  kinetic heatgiven workdoneto
energy energy to system environment

* This law says that the variation of the total thermodynamic energy is equal to
the difference among the heat given to the fluid element and the work done
by the system itself (in the unit of time) against external environment forces.

* The external forces acting on the Lagrangian fluid element of volume 6V are:
surface (pressure gradient and friction) and volume (gravitation and Coriolis)
forces.

* The power produced by these forces (which meteorologist prefer to call “work
per unit of time”) is given by their scalar product with velocity.

* The power, and not the work, is considered, as the system evolves in time.
Work () ML2T? kg m? 2 J w=FI

Energy (E) ML>T? kg m? s J
Power (P) ML2T3 kg m?s3; Js! P = dw/dt; dE/dt
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Conservation of Energy
« Energy Equation: PGF

aw, S
= xx— = x;
dt peéj} dt peuAéj}

Z .
K
w -
dtB = —peuBéj/& ‘ ‘ :A g

* The total net power developed by the pressure gradient /,',. —
force along x axis is y

P, = plu,—u, )& i

* Developing pug in series

(pu)y = (pu), + {sx (pu)} Gt =[(pu),—(pu),Jivs = 6P, = {aﬁ (””)L ey = {3 (””)L 4

ox

A
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J, Conservation of Energy

« Energy Equation: GF & CF
— +» The power developed by gravitation is:

OP, = pgevoV =—pgwdlV

* The power developed by the Coriolis force is zero by definition, as Coriolis force is
perpendicular to velocity and thus cannot produce work

* The thermodynamic equations is thus 0

Dt Dt

Here Q indicates every source or sink of thermal energy (radiant energy, latent or sensible heat
flux)

0 indicates the time variation of Q

D |:p(E+;vov)5V}:pﬁVDDt(E+;vov)+(E+;vov)D( W):—VO(pv)é'V—@lA(ové'V+pQ§V

-/
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J, Conservation of Energy

« Conservation of Thermal Energy:
- b
Dt

* Dividing by 6V: p%+

|:p(E+;V.V)W:|=p5VDDf+p5Vg‘;.V=—V.Vp5V—pV.V5V—ng5V+pQ5V

. Equation of mechanic energy
*  Momentum equ. neglecting acp and agpg: (per unittime)

Vs

Dv N
=—veVp—pgkev

1 s
-~ Vp-29xv-gk+Y =
o p” /Q ¢ /

* Equation of thermal (internal) energy (per unit time):

DE .
—=—pVev+
Py =P 12,
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« Conservation of Mechanical Energy:
Dv A
—ev=-veVp—pgk

Dt oV ve p pg oV
* Recalling the geopotential:

~—

P =-veVp—pgw

dz d®

gW:g;

Dv D(lvov+®j
2
T t

T odt

e Then

-veVp

——evV+pgw=p—
th th

kinetic potential
energy energy
* This equation shows that the variation, in the unit of time, following the motion
of the fluid, of the sum of kinetic and gravitational potential energy (i.e.
mechanical energy) equals the work done by pressure gradient forces, in the unit

of time

-/
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Conservation of Mass
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- U~10ms~!
-+ Continuity Equation: Scale Analysis W lemst
IDIO L ~10°m
———+Vev=0 H~10°m
P Dt 8P/p ~ 10°m? 52
* p(x,y,2,t) = po(z) +p'(x,y,2,t) LU~ 1055
lE-ﬁ-V.V=i(%+ai+V'VH,OO-‘:-V.VH,O,-FW%-FW
p Dt py\ Ot Ot Oz
i(6l+VOVH,O'er%JrJJrVOV=O
Lo\ Ot 4
i(ai_i_vgv}[p'jzigglo_7s_l l%:wm»\/
P\ Ot po L P, Oz 0z
Li V
p//pz 102 \/ )

horizontal velocity scale

vertical velocity scale

length scale [~ 1/(2r) wavelength]

aﬁ}v-v:o

depth scale
horizontal pressure fluctuation scale

time scale

!

V4

w

~

H

10°°s™

~

-/

56




2020-10-13

L Conservation of Mass

“+ Continuity Equation: Scale Analysis
* Finally as horizontal derivatives in wind divergence have same order of magnitude
(% = 1075s71) but opposite sign, their sum is « 10‘1% =1076s71

~—

~—

* Also vertical derivative in wind divergence is scaled as % = 1076571
* The term « 10~7 can be neglected, giving:

ou, ov, ow), omp 1
0z Po

& oy oz

* The mass flow, evaluated using the density of base state po(z) averaged on the
horizontal plane, is non-divergent (Eulerian, or local, non compressibility)

* This condition must not be confused with the true (Lagrangian, or substantial)
non-compressibility, given by Dp/Dt = 0, which means divergence zero.

* However, if vertical motions can be neglected (w~0, true at synoptic scale), in the
horizontal motions there is an approximate compressibility condition

N -

~— 57

V'(pov): 0

/ Conservation of Mass -
\/ u — ms!
-+ Continuity Equation in Isobaric Coord. k.
* Using the hydrostatic approximation ww) %(Z_I;) ms! Pas?)

0 _dp o dz( 1 10 _dz 0 0
® S>p) | — | w—
dp dt op dt\—pg )0z dt 0z oz
 The variable w is called baric velocity, or also omega vertical velocity (it is

measured in hPa/s), and represents the total variation of the pressure
following the motion of the fluid element.

* The continuity equation in isobaric coordinates is much simpler and
there is no explicit dependence on density

ou Ov 0w
—+—| +—=0
ox 0oy ) op _
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_ Conservation of Energy

-+ Energy Equation in Isobaric Coord.
* Expanding the total derivative

dr  dp . or or or or) ldp .
c,——-a—=0 = ¢ | —+u—+v—+o— =
P dt dt P\ ot ox Oy op

pdt_

* Deriving Poisson equation (i.e. definition of 8) with respect to p:

Y
ourfm) s d0_dr0 RO pdno_dr 1w,

p dp dpT ¢, p dp dp pe,
* By defining S, as
TR, dT T dé T T T '
szid_i:_ii = 674_“674_‘}67_5170):2
pc, dp 0 dp ot ox oy c,
R ~
\\/
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_ Conservation of Energy

- * Physical Meaning of S,

* §p = —TdInf/dp is the equivalent, in isobaric coordinates, of the
frequency of Brunt-Vaisala N2 = gdlné,/dz in geometric coordinates

* Thus S, represents the static stability parameter in isobaric coordinates

T0 _
0 oz

To0 _ y.-7. __Tadb0_y,-7.

)/a_j/f D
0 ép pg "0  pg

* Sp > 0if y, <y, as p decreases exponentially with the height, S,
increases very rapidly with z
* This is a disadvantage for the definition of stability criterium

* Finally, this equation allows to diagnose w:

* by determining the advection of temperature from the thermal wind and
measuring the local variation of T, it is possible to infer the w value

* w is normally difficult to measure experimentally
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@ VS. W

. . . ) 40T oT oT
By neglecting the diabatic heating: ~ ®=S,| - +u——+v—

u v
ot ox 0Oy

Since w has been determined, it can be evaluated w
Let’s start by the definition of w :
dp _op & _op .
o= i o +V.VP+W62 = +v'eVp— pow

where wind has been splited using geostrophic value v = v, + v’ with |vg| >
[v'| (vg - Vp = 0 being v, « Vp) and hydrostatic law has been used
In the last formula, a scale analysis show that

* Jdp/dt =10 hPaday’'

* v'-Vp = 1hPaday'

* pgw = 100 hPa day!
Thus, keeping the most important term:

w=-—pgw - -
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